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Inertial roll coupling is a dynamic instability that can arise in slender, high-speed vehicles
subjected to rapid roll motion, leading to unintended growth in pitch and yaw despite nominal
aerodynamic stability. While the phenomenon has been studied historically in the context
of early supersonic aircraft, it remains a relevant concern for modern sounding rockets and
spin-stabilized launch vehicles operating in the transonic and supersonic regimes. This paper
presents a compact dynamical model for inertial roll coupling based on rigid-body rotational
dynamics and linear aerodynamic restoring moments. A coupled set of pitch-yaw equations is
derived assuming a prescribed roll rate, and the resulting system is analyzed using state-space
methods to assess stability as a function of roll rate. The analysis identifies a bounded roll-rate
instability region in which small attitude perturbations can grow rapidly due to inertial coupling
effects. Numerical simulations are used to illustrate the qualitative behavior of the system as
the roll rate varies, emphasizing the role of roll magnitude and roll acceleration in determining
stability. The proposed model and stability results are compared with classical inertial roll
coupling formulations and analyses by Mandell, LaBudde, and Fetter, demonstrating consistency
with established theory while offering a streamlined framework suitable for rapid analysis
and design trade studies. This work directly supports ongoing flight dynamics analysis for the
Georgia Tech Experimental Rocketry (GTXR), a project team of the Ramblin’ Rocket Club
(RRC) at the Georgia Institute of Technology, vehicle Mach ‘N’ Roll, a two-stage spin-stabilized
sounding rocket scheduled to launch in summer 2026, and provides a foundation for future
model extensions.

I. Nomenclature

ay,@y,a; = angleintheXx,y, and z axes respectively

Wy = angular velocity in the z (roll) axis

wp,wy,w, = angular velocity in the pitch, yaw, and roll axes respectively

m = mass of the rocket

Ip, IR = moment of inertia in the longitudinal and roll axes respectively

Ip, 1y, 1, = moment of inertia in the pitch, yaw, and roll axes respectively

My = rotational forcing moment

M, = rotational damping moment

T,,Ty = torque in the pitch and yaw axes respectively

kp,ky = aerodynamic stiffness in the pitch and yaw axes respectively

Jol = air density

vr = velocity of the total oncoming airstream

A, = reference area for the Cy . By convention, this is the cross-sectional area of the rocket body.
CNa = slope of the normal force cofficient vs angle of attack graph of the whole rocket
Lcp = distance from the nosetip to the center of pressure

Lcg = distance from the nosetip to the center of gravity

Wn = undamped natural frequency

wq = damped natural frequency

4 = damping ratio

C = rotational forcing coefficient
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C = rotational damping coefficient

C3 = x axis forcing coefficient
Ci = coupled forcing coefficient
C; = coupled damping coefficient

II. Introduction

nertial roll coupling is a dynamic instability that can occur in slender, high-speed rockets when roll motion induces
Igyroscopic interactions between pitch and yaw. Classical stability models developed by Mandell, LaBudde, and
Fetter characterize rotational and translational dynamics but neglect direct pitch—yaw inertial coupling due to roll
rate. For spin-stabilized sounding rockets operating in low-damping supersonic regimes, this coupling can produce a
bounded roll-rate instability when roll rate approaches the vehicle’s natural frequency. This work develops a coupled
Roll Coupling Differential Equation (RCDE) model, analyzes its stability using eigenvalue methods, and compares its
predictions to established formulations.

III. Literature Models

A. Derivation

The following derivation largely comes from Mandell’s Topics in Advanced Model Rocketry, specifically Chapter
2: A unified approach to aerodynamic stability [1]. LaBudde and Fetter’s derivations are largely based on Mandell’s
original derivation.

Define the rocket coordinate system such that the z-axis is aligned with the rocket’s roll axis. The following equations
describes a rocket’s dynamic stability as derived from a 3D flight dynamics model. These equations leave out the jet
damping moment since this has been shown to be negligible in comparison to the rotational damping. The Igrw, terms
make the two equations coupled due to the non-zero roll rate. Thus, the pitch axis can be inertially coupled to the yaw
axis by the presence of roll. Mandell’s initial derivation disregards this coupling term.

d2a'x day
Iy, i +M2x+M1x+IRw27 =0 (1)
dza/y day
IL dt2 +M2y+M1y—IRu)27=O (2)
Assuming small o and w perturbations in the x and y axes, the rocket aerodynamics can be linearized like so:
dM, P 2
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Within the range of validity of the linearization approximation, the total applied moment about the x axis can be

expressed as
day

M, =-Ciay — Cy P (5)
Thus, Egs. (I) and (2) with forcing functions f(¢) and f,(f) can be rewritten as
day da, day
IL—5 + o= + Crax + [rwe— = = £ (1), (6
d*ay day da
I Y C— =+ Ciay = Iroy dt" = fy(1). @)

The homogeneous solution of the linear coupled second order differential equation system can be found by setting the
forcing functions fx(¢) = fy(¢) = 0. For any arbitrary forcing functions, the resulting solution will be the sum of the
homogeneous solution and a particular solution. Solving for the particular solution allows us to determine the exact
impact of the forcing functions on the result.



B. Stability Analysis
The following stability analysis is based on Mandell’s work. The implications of the coupling term will considered in

Section[[IL.Cl

To solve for the homogeneous solution of Eqs. (6) and (7) at zero roll rate, apply the Laplace transform.

ILszax + Crsay + Crayy =0 ()

ILszay + Crsay + Cray =0 ©)]

These equations can be transformed into a characteristic equation of the form:

[L52+C2S+C1 =0. (10)
Then divide by I,
C C
2+ 25+ =L 0. (11)
I I

This system is the standard form of a second order linear system and thus the standard second-order parameters can be

defined for model clarity.
wn = ]S (12)
I

G
= 13
¢ NI C (13)
Then the characteristic equation becomes
5 +2g’a)ns+cufl =0. (14)

For most sounding rockets, the aerodynamic damping { < 1, so the system is underdamped. Therefore, the roots of the
characteristic equation are

s =—{wy tiwg, (15)
wg = w1 = 2. (16)

Taking the inverse Laplace form for these complex conjugate poles yields

a(t) = e 59 [A) cos(wgat) + A sin(wgt)] . (17)

The constants are determined from initial conditions
Ay = a(0), (18)

@(0) + {wya(0)
[OF] ’

Ay = 19)

Thus, the roll-plane rotational motion of the rocket is

ay (1) = e~ Cent [ax(O) cos(war) + =9 +{j‘“"“x(0) sin(a)dt)] , (20)
d

ay (1) = eEent [ay(O) cos(wgt) + 29 +(f‘“”ay(0) sin(wdt)] : 1)
d

For slightly damped rockets ({ < 1), the motion is nearly harmonic with a slowly decaying amplitude.



C. Extensions to Stability Analysis

In Section [[IL.B] the coupling term was ignored to simplify the calculation similar to Mandell’s original derivation.
Thus, Mandell’s model assumes that the pitch and yaw axis rotational motions are independent of one another. Mandell’s
model also assumes that the rocket’s center of gravity follows a straight-line trajectory regardless of rotation. This
model predicts a damping ratio £ ~ 0.01, which implies that a rocket would oscillate for a long time (50+ cycles) before
stabilizing.

Both LaBudde and Fetter assume that the rocket’s center of gravity trajectory is not a straight line, but includes
lateral motion [2}|3]. Fetter’s analysis shows the damping ratio ¢ is actually closer to 0.05, meaning the rocket stabilizes
in only 5-10 cycles, which matches real-world observations.

In Mandell’s model, the normal forces are responsible only for the restoring moment that causes the rocket to point
into the wind. However, the normal forces also cause the entire rocket to move sideways. Fetter explains that as the
rocket rotates, the normal forces push the CG sideways. This lateral velocity then changes the direction of the oncoming
air relative to the rocket, effectively increasing the damping of the rotation. Fig. [T]shows the rocket dynamics due to the
rotational dynamics and the lateral movement of the rocket due to an initial small angle of attack perturbation.
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Fig. 1 Rocket response due to the rotational dynamics and the lateral movement of the rocket due to an initial
small angle of attack perturbation. Motion in the x-axis is exaggerated by 1000x compared to the z-axis and the
arrow attitudes are 10x a,, [3].

In his paper, Fetter argues that the traditional stability margin is not a good indicator of dynamic stability. His
sensitivity analysis shows that increasing the stability margin can sometimes decrease the coupled damping ratio if the
design change simultaneously reduces the rocket’s ability to move side-to-side.

LaBudde and Fetter’s analyses are quite similar. LaBudde introduces the impact of the coupling term in his paper
since the primary focus of his paper is rocket altitude optimization. In comparison, Fetter focuses on validating the
side-to-side motion using accelerometer flight data and root locus techniques to show how rapidly a rocket transitions
from dynamically stable to unstable as design parameters change.

The below summary shows the differences between the three models for calculating the coupled natural frequency
and damping ratio. Both use Mandell’s definition for C; and C; and a different definition of C3. Even though LaBudde
and Fetter use different nomenclature, once both sets of expressions are evaluated in terms of the rocket parameters, the
expressions for the linear and rotational dynamics coupled natural frequency and damping ratios are the same between
LaBudde and Fetter’s models. Note that LaBudde and Fetter still neglect the pitch-yaw coupling term like Mandell and



thus pitch and yaw rotational motion are considered to be independent of one another. The derivation of these coupled

natural frequency and damping ratio equations will not be discussed in this paper.
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D. Implications for Roll Coupling Modeling
The pitch-yaw dynamics derived above are mathematically identical to a classical second—order system. Writing the
Laplace-domain transfer function from a forcing moment F (s) to the angular response &(s) gives

als) /1

G(s) = = . 40
(%) F(s)  $242lw,s + w? (40)
The frequency response (gain function) is obtained by evaluating G (s) at s = iw.
1/1
|G (iw)| = [ @1

(w3 - w2)2 + (2L waw)?

This expression reveals several important physical implications:

* For very low frequencies (w < wj,), the gain approaches 1/(Irw2) = 1/C. The rocket behaves quasi-statically
with the aerodynamic forcing moment dominating the response.

* Near w = w;,, the denominator becomes small and a resonant peak appears. For lightly damped systems, the
height of this peak is approximated by

1
20l w3

* Increasing w, shifts the resonance to a higher frequency and reduces the low-frequency gain. Physically, a lower-
inertia rocket with larger aerodynamic forcing moments oscillates faster and resists low-frequency disturbances
more strongly.

* Increasing { reduces the peak gain and broadens the frequency response. Thus, greater aerodynamic damping
directly suppresses oscillatory amplification.

For sounding rockets where { < 1, the gain curve exhibits a sharp resonance near w,,. This explains why small periodic
disturbances near the natural frequency can produce large coning motions if damping is insufficient.

Suppose that a rocket is being spin stabilized such that the roll rate w, is non-zero. In this case, the Irw, coupling
terms in Egs. (6) and (7)) introduce gyroscopic coupling between pitch and yaw. The system is no longer two independent
second—order oscillators, but instead becomes a coupled fourth—order system with split modal frequencies.
Qualitatively, the effect of spin stabilization depends on the ratio of roll rate to natural frequency:

* W, < wy: The roll rate is slow compared to the pitch-yaw oscillation. Coupling is weak and the system behaves

approximately like the uncoupled case. Spin provides little additional stabilization.

* w, ® wy: Strong modal interaction occurs. The roll motion can parametrically excite the pitch/yaw oscillation
based on the coupling term. In other words, an initial disturbance in the pitch axis is directly turned into a
disturbance in the yaw axis in a strong positive feedback loop.

* w, > wy,: The system approaches classical gyroscopic stabilization. Rapid spin averages aerodynamic
disturbances over one roll cycle, effectively increasing directional stiffness. The pitch-yaw motion becomes slower
relative to roll and typically more stable, provided structural and inertial asymmetries are small.

Physically, a high roll rate introduces gyroscopic stiffness proportional to Irw,. This modifies the effective natural
frequencies of the lateral modes and can reduce sensitivity to crosswinds and thrust misalignment. However, an excessive
roll rate may also introduce significant structural loads. Therefore, evaluating w, /w,, provides a useful non-dimensional
parameter for assessing whether a rocket behaves as weakly spinning, resonantly coupled, or strongly gyroscopically
stabilized.

|G max =

IV. Roll Coupling Differential Equation Model (RCDE)

A. Derivation

All the literature models above neglect the pitch-yaw coupling terms so that pitch and yaw rotational motion can be
independently considered. However, for spin-stabilized rockets, the coupling between the pitch and yaw motion is
significant to understanding the inertial roll coupling phenomenon. This model focuses on the effect of pitch-yaw
coupling. Starting off with Euler’s rotation equations, we will assume the angular rate of roll is controlled. Thus, the



other rotations must satisfy
Loy =, - I)wrwp, + Ty, (42)
I,dp = =1y - 1) w,rwy +Tp. (43)
At small angles of attack, the aerodynamic torques Ty and T}, are proportional to the vehicle’s angular orientation 6,

and 6, to the freestream air respectively. This torque model considers only the aerodynamic forcing torque since the
aerodynamic forcing torque is small in comparison.

T, = —ky 1,6, (44)
T, = —kplp6, (45)

In the case of a rolling vehicle, the connection between orientation and angular velocity is not entirely straightforward,
because the aircraft is a rotating reference frame. The roll inherently exchanges yaw for pitch and vice-versa.

éy = wy +wr0)p (46)
0p =wp — w0y 47
To derive expressions for &, and &, take the time derivative of Egs. @]) and @
Wy =0y — 0,0, — w0, (48)
Op =0, + 00y + w0, (49)

Rearranging Eq. into w,, = 6 p +w, 0y, substituting it along with Egs. and into Eq. and simplifying.

1,0y — 00 —w,0,) = (Ip = 1,)(0) + w,0y)w, — kyl, 0y (50)

Iy = Ly, 0, + (I + Iy = 1)wr 0y + (I = 1)} — ky 1y ) 0, (51)

Similarly, rearranging Eq. into wy = 6, — w, 0, substituting it along with Eqs. and into Eq. , and
simplifying.

1,0, + 00y + w,0y) = (I, — 1,)(0y — w,0,) —kpl,0, (52)

16y = ~LpioyOy = (I, + 1y = 1w,y + Ly = L)} = Kyl ) 6, (53)

Thus, Eqs. and are ordinary differential equations to model inertial roll coupling given any function w, (¢).
Using a numerical integration scheme such as RK45, one can solve an IVP of the above fourth-order, linear DE system.

B. Stability Analysis
To analytically determine when the system becomes unstable, we can perform a linear stability analysis of the coupled
DE system using Egs. and derived earlier. To create a state-space model of the system, let us define

Oy
0p .
X = g so that X = Ax. (54)
6

~

p

To convert the second-order system to a first-order system, let us define x| = 6y, x, = 0, x3 = éy, and x4 = 9,,. Thus,
we can write the relationships between x1, x», x3, and x4 like so

X1 = x3, (55)
X2 = X4, (56)
I, - 1w, + I w I, — [)w? — kI
$3 = by 4 Lo Aty Upm)er 2 holy (57)
I I
y y
I, - I)w, + o I, - I)w? -k,
x4=—a),x1—(y rwr + 1, rx3+(y )Wy PP (58)
I I
p p



Thus, the state-space matrix is

A= . ; (59)

(Ip = 1w} — kyly s = (I, + Iy - I)w,

as = , Az , (60)
Iy Iy
Uy - L)w; - kpl, I+ - o,
agp = , A =—— (61)
I, I,

To determine the stability over a range of constant roll rates w, and thus «, = 0, we can determine how the
eigenvalues change by treating the system as linear time invariant. Fig.[2]is an example plot of the poles of the system for
varying w,. At w, = 0, there are two eigenvalues and their conjugates that all lie on imaginary axis. As w, increases,
one pair of eigenvalues converges at the origin, while the other pair diverges. At a critical roll frequency wg;q,s, the
converging pair of eigenvalues move off the imaginary axis and instead move along the real axis. Since one of the
eigenvalues has a positive real part, the system becomes unstable with the magnitude of the real part representing
the degree of instability. The magnitude of the real part initially increases with increasing w, after wg;q,; and then
decreases to zero at wenq. Then, both eigenvalue pairs diverge from the origin traveling along the imaginary axis again.
The roll coupling instability band occurs from wgsgr; < Wy < Wena-

Eigenvalue Trajectories in Complex Plane vs Roll Rate

Fig. 2 Movement of System Poles for varying w,. The following parameters were arbitrarily used for this
example: [, =8.0,1, =102,1, =1,k, =5,and k,, = 5.

Using this stability analysis, we can look at the effect of a ramping function w, (¢). Fig.|3|shows the pitch and yaw
behavior of the same system given a slow ramping function w, = 0.01¢ + 1 through the roll coupling instability band
determined previously. The system has an initial perturbation such that 6, = 0.05. The system is initially stable with
only minor oscillations in the pitch and yaw due to the initial perturbation. However, once the system’s roll rate enters
the instability band, one can see the oscillations stop and the system starts to diverge. After 12 seconds, the vehicle
would likely experience structural failure due to the aerodynamic forces at the steep angle of attack from the freestream
direction. Even after the system’s roll rate leaves the instability band, the pitch and yaw do not return to near zero angle
of attack. Fig.[d]shows the pitch and yaw behavior of the same system given a fast ramping function w, = 0.04z. In this
case, the system stays in the instability band for about 15 seconds. Though the system had started to diverge, the system
leaves the instability band and regains control although the system stays 17 degree angle of attack since there is no
damping. For a real vehicle, the ramping rate should likely be increased so that the angle of attack stays below 5 degrees
after the rolling coupling instability band.



Pitch and Yaw Angle Response with Time-Varying Roll Rate
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Fig.3 Pitch and Yaw for slow roll rate ramping w, = 0.01¢ + 1. This uses the same parameters as Fig.

Pitch and Yaw Angle Response with Time-Varying Roll Rate
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Fig. 4 Pitch and Yaw for fast roll rate ramping w, = 0.04z. This uses the same parameters as Fig.

V. Comparison of Roll Coupling Models for Mach ’N’ Roll

Figs.[5|and[6]is a comparison of roll coupling frequency profile for GTXR’s vehicle Mach ‘N’ Roll, a two-stage
spin-stabilized sounding rocket scheduled to launch in summer 2026, using the different roll coupling models. The
predicted pitch natural frequencies between the Mandell, LaBudde-Fetter, and RCDE models are within 2% error at
worst. The LaBudde-Fetter models is very similar to the Mandell model since LaBudde and Fetter extend Mandell’s
derivation. The damping ratio for the LaBudde-Fetter model is higher due to the lateral movement of the rocket while
the rocket corrects the non-zero angle of attack.

The RCDE model considers the roll rate coupling term between the second order ODEs unlike Mandell and
LaBudde’s derivations. This is why the dynamics for the RCDE model is a fourth order system as compared to the
second order system literature models. If ky = k,, and Iy = I, Wsrarr = Wena. Thus, pitch-yaw asymmetry is a



requirement for an instability band to exist. A greater asymmetry leads to a more powerful roll coupling interaction in
the instability band.

Though the various roll modeling models are similar, the models focus on different aspects of the rotational dynamics
of a spin-stabilized rocket. By decoupling the pitch and yaw motions, the Mandell model explains the pitch and yaw
rotational motion as two independent second order systems. The LaBudde-Fetter model extends the Mandell model
by coupling the linear and rotational dynamics. Thus, the Mandell and LaBudde-Fetter models model the pitch and
yaw dynamical response from a small perturbation well especially when w, ~ 0 and thus the pitch-yaw coupling is
negligible. The RCDE model focuses on the pitch-yaw coupling as the gyroscopic modal interaction leads to inertial
roll coupling in spin-stabilized rockets, but uses a simpler aecrodynamic model than the literature models.

The models predict similar frequencies since they both determine the system’s natural resonance, but the mechanisms
that amplifies these perturbations are different. For the literature models, the resonance amplification comes from
the natural frequency of the second order system along the pitch or yaw axes. For the RCDE model, at resonance,
the pitch-yaw coupling causes an initial perturbation on the pitch axis to induce a perturbation on the yaw axis at the
system natural frequency leading to disturbance amplification. Therefore, a model that combines the more sophisticated
aerodynamics from the literature models and the pitch-yaw coupling from the RCDE model would more completely
represent the rotational dynamics for a spin-stabilized sounding rocket.

Pitch Natural Frequency and Damping Ratios Over Time
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Fig. 5 Pitch natural frequencies and damping ratios over time for the Mandell, LaBudde-Fetter, and RCDE
models for GTXR’s Mach N’ Roll vehicle. The blue, orange, green, red, and pink lines on the top graph are
nearly identical.
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Spectrogram of Pitch Natural Frequency Gain Over Time (Mandell)
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Fig. 6 Spectrogram of pitch natural frequencies over time for the Mandell, LaBudde-Fetter, and RCDE models
for GTXR’s Mach N’ Roll vehicle.

VI. Conclusion

This paper demonstrates that while classical second-order rocket stability models accurately predict natural frequency
trends, they omit direct pitch—yaw inertial coupling that becomes significant for spin-stabilized vehicles. The proposed
RCDE model reveals a bounded roll-rate instability region driven by gyroscopic modal interaction, with instability
occurring when roll rate approaches the vehicle’s lateral natural frequency and when pitch—yaw asymmetry is present.
Integrating the more thorough aerodynamics from literature models with the inertial coupling captured in the RCDE
model would provide a more complete representation of rotational dynamics for high-speed, spin-stabilized sounding
rockets.
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