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In this work, an integral formulation is developed for the laminar boundary layer associated with the steady
incompressible motion of non-Newtonian power-law fluids over flat plates. To this end, the Kirman-Pohlhausen
momentum-integral approach is used to approximate boundary-layer growth and skin-friction characteristics
under zero pressure-gradient conditions. This is accomplished using Pohlhausen’s classic fourth-order velocity
profile in addition to an optimal (MX4) quartic polynomial approximation for the nearfield velocity (Majdalani,
J., and Xuan, L.-]J., “On the Kairman Momentum-Integral Approach and the Pohlhausen Paradox,” Physics of
Fluids, Vol. 32, No. 12, 2020, p. 123605). Using a power-law relation between the normal velocity gradient and
shear stress, model-based predictions of fundamental boundary-layer properties are evaluated and compared
to an ‘exact’ similarity solution that can be computed numerically. Since the power-law constitutive relation
retains the flow-behavior index, n, as a general parameter, closed-form analytical expressions are provided for
most boundary-layer properties as functions of the streamwise position and n. These include the disturbance,
displacement, and momentum thicknesses, as well as the local skin-friction coefficient, and wall-normal velocity.
By way of verification, the resulting formulations are shown to compare well to the exact similarity solution and
to readily recover the traditional Newtonian expressions in the appropriate limit of n = 1. They also enable us
to quantify the sensitivity of the boundary-layer thickness and skin friction coefficient in shear-thinning and
shear-thickening fluids depending on the value of n. Overall, the MX4 profile is found to be highly accurate
for flow-behavior indexes of (.88 and higher, namely, for nearly Newtonian and all dilatant fluids. Conversely,
the accuracy of Pohlhausen’s fourth-order polynomial profile is seen to improve as »n is decreased below 0.88,
hence making it more suitable for shear-thinning or pseudoplastic fluids.

Nomenclature
Cy local skin-friction coefficient
F(n) dimensionless velocity profile
F’(0) wall velocity-gradient parameter, F
H shape factor, 6*/6
K consistency coeflicient for a power-law fluid
n flow-behavior index for a power-law fluid
Re, local Reynolds number based on streamwise distance
Us freestream velocity
(u,v) velocity components in streamwise and wall-normal directions
(x,y) streamwise and wall-normal coordinates
Greek
a displacement-thickness ratio, 6/
B momentum-thickness ratio, 6/6
o boundary-layer (disturbance) thickness
5* displacement thickness
n similarity coordinate, y/d
0 momentum thickness
u dynamic viscosity
v kinematic viscosity
P fluid density
Tw wall shear stress
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1. Introduction

AMINAR boundary layers developing over flat plates constitute one of the most fundamental canonical problems

in viscous fluid mechanics [1]. Beyond their theoretical elegance, they form the basis of countless engineering
analyses in aerodynamics, propulsion, and convective heat transfer [1]. Following Prandtl’s pioneering formulation of
boundary-layer theory [2], the classical Newtonian solution, obtained through the similarity transformation introduced
by Blasius [3], remains one of the most celebrated exact reductions of the Navier—Stokes equations. Its analytical
structure has provided generations of researchers with reliable approximations for boundary-layer, displacement, and
momentum thicknesses, as well as local skin-friction predictions.

Despite its central role, the Newtonian designation represents only a subset of practical fluids encountered
in engineering systems. Many technologically relevant fluids, including polymer solutions, slurries, propellants,
lubricants, and biological suspensions, exhibit rheological behavior that deviates from linear viscosity models. In such
cases, the effective viscosity becomes dependent on the local shear rate, and classical boundary-layer theory must be
generalized accordingly. The historical development of boundary-layer theory and transport modeling provides the
foundation for such extensions [4-7].

Among the various constitutive models proposed for generalized Newtonian fluids, the Ostwald—de Waele power-
law representation offers a tractable yet sufficiently flexible description of shear-thinning and shear-thickening behavior.
In this model, the shear stress may be related to the local velocity gradient through

ou\"
=5 .

where K and n denote the consistency coefficient and flow-behavior index, which control the power-law formulation.
Naturally, the Newtonian limit is recovered when n = 1, whereas n < 1 and n > 1 correspond to pseudoplastic and
dilatant fluids, respectively. Owing to its analytical simplicity and ability to capture first-order rheological effects,
the power-law model has been widely adopted in external flow and heat-transfer analyses [8—14]. Comprehensive
treatments of non-Newtonian transport phenomena further showcase its practical utility [15, 16].

The introduction of nonlinear viscosity, however, fundamentally alters the character of boundary-layer development.
In contrast to the Newtonian case, the coupling between the shear stress and the normal velocity gradient modifies
the streamwise scaling of the disturbance thickness, the wall-shear behavior, and the structure of the velocity profile.
Nevertheless, similarity reductions remain possible. Early investigations by Schowalter [8] and Acrivos et al. [9]
confirm that boundary-layer equations for power-law fluids admit similarity forms. More recently, as shown by Myers
[17], the boundary-layer equations for a power-law fluid over a flat plate may be reduced to a nonlinear ordinary
differential equation (ODE) of the form

(L1 f7) 4 p 7 =0,

where the classical boundary conditions, f(0) = f/(0) = 0 and f’(c0) = 1, which date back to Blasius [3], remain
valid. The resulting similarity solution provides accurate predictions of the wall-gradient parameter f’’(0), from
which the local skin-friction coefficient and boundary-layer thickness may be deduced. Although this approach yields
benchmark-quality solutions, it generally requires numerical integration and does not produce closed-form expressions
that facilitate rapid engineering design [18, 19].

For this reason, integral boundary-layer methods continue to retain practical relevance. Introduced through the
seminal works of von Kdrman [20] and Pohlhausen [21], the so-called Karmdn—Pohlhausen (KP) momentum-integral
approach reduces the boundary-layer equations to an ODE for the disturbance thickness by incorporating an assumed
velocity profile in the nearfield. Despite its simplicity, the KP method has remained a staple of boundary-layer analysis
and continues to be featured prominently in modern monographs [22-24]. Its analytical tractability and ability to
furnish closed-form approximations under both laminar and turbulent compressible and incompressible flows make it
particularly attractive for non-Newtonian extensions, where exact solutions are often unattainable.

The accuracy of integral formulations, however, depends in large part on the assumed nearfield velocity profile. In
this context, Pohlhausen’s quartic polynomial has been widely employed in both Newtonian and non-Newtonian contexts
[11,25]. Yet, as shown by Majdalani and Xuan [26], higher-order polynomial constructions do not necessarily improve
the agreement with similarity solutions. Their analysis reveals that certain boundary conditions, most particularly the
imposition of zero curvature at the boundary-layer edge, will invariably degrade predictive accuracy in Newtonian
fluids. By relaxing this overly restrictive edge constraint and, instead, optimizing the wall-gradient parameter, an
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improved quartic representation (MX4) is attained; the latter not only overcomes the so-called Pohlhausen paradox, it
also agrees more substantially with the Blasius solution while retaining analytical simplicity [26].

So far, extensions of the Karmdn—Pohlhausen framework to non-Newtonian fluids have been pursued in numerous
configurations, including forced convection over planar, axisymmetric, and irregular geometries [27-29], natural
convection in porous media [30, 31], slider-bearing flows [32], radial films [33], and mixed convection around
cylinders [34]. Although integral methods have been extended to power-law fluids in some configurations [11], a
systematic evaluation of the relative performance of classical and optimized polynomial profiles across the full range
of flow-behavior indices remains, however, unexplored. In particular, it is not yet fully established how shear-thinning
and shear-thickening behavior affects the predictive fidelity of integral boundary-layer approximations relative to the
similarity solution of Myers [17]. Because wall shearing in a power-law fluid scales with the velocity gradient raised to
the power n, even modest discrepancies in the wall gradient estimation can be amplified in dilatant regimes. Conversely,
shear-thinning behavior may reduce the sensitivity to the choice of the nearfield velocity.

The objective of the present work is therefore to primarily assess the predictive capability of Kdrman—Pohlhausen
integral formulations for laminar power-law boundary layers over a flat plate under zero pressure-gradient conditions.
To this end, two assumed velocity distributions will be considered: the classical Pohlhausen quartic profile and the
optimized MX4 polynomial introduced by Majdalani and Xuan [26]. Their predictions for the fundamental boundary-
layer properties, such as the disturbance, displacement, and momentum thicknesses, as well as the wall-normal velocity
and skin-friction coefficient, will be evaluated explicitly and compared against the exact similarity solution, which can
be safely treated as the reference model [17, 35].

More specifically, by examining a range of flow-behavior indices spanning shear-thinning, Newtonian, and shear-
thickening regimes [15, 36], the present study will seek to quantify the effect of varying the rheological parameters on
the predictive accuracy of integral boundary-layer approximations. Through this comparison, the analysis will seek
to identify the regimes in which Pohlhausen’s polynomial representation remains adequate and those in which the
improved MX4 profile becomes an essential alternative.

II. Problem Formulation and Solution Procedure

A. Geometric Description and Flow Configuration

We consider the steady, two-dimensional motion of an incompressible power-law fluid over a semi-infinite flat plate
aligned with a uniform freestream. The plate is assumed to be smooth, impermeable, and of negligible thickness, with
its leading edge situated at x = 0. The streamwise coordinate, x, is measured along the plate surface, whereas the
wall-normal coordinate, y, is taken perpendicular to it.

A uniform external velocity U, impinges upon the plate, thereby initiating the development of a laminar boundary
layer along its surface as a direct consequence of viscous momentum diffusion. Outside the viscous region, the flow
remains uniformly inviscid, and no pressure gradient arises in the streamwise direction. Accordingly, the boundary-
layer growth is driven exclusively by viscous transport, with no contribution from favorable or adverse pressure-gradient
effects.

The fluid is modeled as a generalized Newtonian medium that is governed by the Ostwald—de Waele power-law
constitutive relation that exhibits a consistency coefficient K and a flow-behavior index n. The classical Newtonian
limit is recovered when n = 1. For n < 1, the model describes shear-thinning (pseudoplastic) behavior, whereas
n > 1 corresponds to a shear-thickening (dilatant) response. In this manner, the rheological parameter n provides a
continuous measure of deviation from linear viscous behavior.

The present analysis focuses on the streamwise evolution of the velocity field, the disturbance (boundary-layer)
thickness, and the associated wall shear stress along the plate. The flow domain is assumed to be sufficiently large
in the wall-normal direction such that the velocity asymptotically approaches the freestream value at the edge of the
boundary layer. For clarity and reference, the physical configuration and the streamline-bounded control volume used
in the momentum-integral formulation are depicted in Fig. 1.

B. Governing Equations

The motion of a steady, incompressible power-law fluid is prescribed by the continuity equation in conjunction with
the Navier—Stokes momentum equations, supplemented by a non-Newtonian constitutive relation. For high-Reynolds-
number external flow over a flat plate, the classical boundary-layer approximations can be implemented [2]. The flow
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Fig. 1. Schematic of laminar boundary-layer development over a flat plate and associated control volume used
in the momentum-integral analysis.

can be taken to be two-dimensional, with the streamwise velocity component dominating the motion and wall-normal
gradients substantially exceeding their streamwise counterparts.

Within the viscous layer, pressure variation in the wall-normal direction remains negligible. Moreover, for a flat
plate aligned with a uniform freestream, the external velocity remains spatially invariant, so that dU/dx = 0. Under
these conditions, the full Navier—Stokes equations reduce to the familiar boundary-layer form, while the continuity
equation retains its standard expression. The resulting system captures the essential balance between convective inertia
and viscous diffusion whose interplay induces the shear-layer development along the plate.

To proceed analytically, the reduced boundary-layer equations are cast into their integral representation following
the classical momentum-integral framework introduced by von Karman [37] before becoming formalized in standard
treatments of laminar boundary layers [38]. This formulation enables the streamwise evolution of the disturbance
thickness to be related directly to the wall shear stress through an assumed representation of the nearfield velocity
distribution. Within the boundary layer, using standard nomenclature, e.g. p for density, we have

du  Ov ou  Ou dUs 107y
—+—=0 d —to—=Uo——+— . 2
(9x+6y an u6x+vc')y dx +p ay @
Outside the boundary layer, the inviscid flow satisfies Euler’s equation,
1dp du,
- =y, 3
rr TRt 3)

where U, (x) represents the external or edge velocity. For a flat plate aligned with the freestream, the external velocity
remains constant, U, = U, the pressure gradient vanishes, and the momentum-integral equation reduces to
do dU., 1 do
Ugoa + (29+6*)UDQW = ;Tw or onzoa = Tw, (4)
where T, stands for the wall shear stress, and both 6* and @ denote the displacement and momentum thicknesses,
respectively. These are generally specified by

o !

Uoo_u "

6*=/0 U dy:é/0 [1 - F(n)]dn, F(n)EU— and )75%’ )
° u Uso—u 1 6*

9=/0 .U dy:5/0 F(n)[1 - F(n)]dn, and HE?, ©

with H referring to the shape factor. Additionally, normalized forms of 6* and 6 with the disturbance thickness & can
be readily deduced. One gets

6* 1 0 1
az= [-ria wd p=3= [ Fai-roam, a)
where a and (8 define the non-dimensional displacement and momentum thicknesses, respectively.
4
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C. Schowalter—Acrivos Similarity Transformation

The laminar boundary layer associated with a power-law fluid over a flat plate may be treated through a similarity
transformation that reduces the boundary-layer equations to a single nonlinear ODE. This formulation furnishes a
benchmark solution for the velocity distribution, wall shear stress, and boundary-layer thickness without invoking an
assumed nearfield velocity profile. As such, it serves as a rational standard against which integral approximations
can be assessed. By introducing an appropriate similarity variable, ¢ = y4/vx/Us, together with a streamfunction
representation, f (&) = ¢/VvxUs, the boundary-layer equations collapse into a self-similar structure. The resulting
transformation reduces the streamwise momentum equation to a generalized Blasius equation for an Ostwald—de Waele
power-law fluid [17]. The resulting Schowalter—Acrivos similarity equation can be written as [8, 9]:

1
n+1

(17172 p7) =17 =00 ) = f(0)=0, f(e)=1. ®

This solution yields the wall-gradient parameter, f’’(0), from which the skin friction may be estimated, specifically,
Cf(x)Re}g% =2[f"(O)]"; Re, = pU%"x/K, )

where Re, denotes the generalized Reynolds number and the differentiation in this case is carried out with respect to

¢.

D. The Quartic Karman—Pohlhausen (KP4) Polynomial Profile

The classical Kdrman—Pohlhausen approach assumes a polynomial representation of the velocity distribution within
the boundary layer [1, 39]. In fact, the use of polynomial profiles to model boundary layers is frequently attempted in
both laminar and turbulent formulations [40, 41]. One of the most widely relied upon quartic profiles —dating back to
Pohlhausen [21]— may be given by

F(n) = Ui —m-2+pt = % and  Fj=F(0)=2 (KP4). (10)
This KP4 distribution satisfies five conditions postulated by Pohlhausen [21]. These consist of (1) no wall slippage,
(2) freestream velocity matching at y = ¢, (3) vanishing shear at y = §, (4) vanishing pressure gradient aty = n = 0
(in the nearfield momentum equation), and (5) vanishing shear stress gradient at y = §. Mathematically, we have:

ou d%u 0 d%u

u(0) =0, u(6) = U, =0, —| =0, —| =0 (11)
dy y=6 dy? y=0 dy? y=6

In view of KP4 in Eq. (10), the displacement and momentum thicknesses can be evaluated directly from Egs. (5)
and (6). Alternatively, in dimensionless form, one may use Eq. (7) to collect
§* 3 o 37

= — = — d = == ——. 12

ST e TE- (2

These relations will be later substituted into the power-law expressions for boundary-layer thickness growth and skin-

friction integrals before undertaking comparisons with other formulations and the exact Schowalter—Acrivos solution.

E. The Quartic Majdalani—-Xuan (MX4) Polynomial Profile

In recent investigations of Newtonian boundary layers [26, 42, 43], the MX4 quartic distribution is shown to
outperform the KP4 in estimating both hydrodynamic and thermal boundary-layer properties. This fourth-order MX4
polynomial profile can be written as

5 1 ,
F(n) =3n- n+ 5774; Fj== (MX4). (13)

In practice, the MX4 profile satisfies all but the last boundary condition in Eq. (11), namely, that postulated without
proof by Pohlhausen [21]. According to Majdalani and Xuan [26], the latter stands at the root of the Pohlhausen
paradox; it can be readily shown to be rather incompatible with the corresponding value derived from the exact Blasius
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solution. After confirming its incongruence with the Blasius solution, it is relaxed while deriving MX4. The resulting
quartic form provides sufficient flexibility to capture the curvature of the velocity profile across the boundary layer
region while maintaining an analytical structure that is suitable for closed-form evaluation of the displacement and
momentum thickness integrals. For example, by substituting MX4 into Eq. (7), one readily retrieves

5* 7 o 379
= — = — = - = — 14
5 =20 ™ B=5=2535 14

which fall within a fraction of one percent of their exact values.

F. Wall Shear Stress for a Power-Law Fluid

For non-Newtonian fluids described by the power-law model [17], the shear stress may be related to the rate of

deformation through
( du )n ( du )"
r=K(2 andso 7, =K (2 ). (15)
dy dyly=0

where K and n denote the consistency coefficient and flow-behavior index, respectively. This relation represents a
generalized constitutive law in which the apparent viscosity depends on the local shearing rate. For n < 1 (shear-
thinning fluids), 7, increases gradually with successive increases in the velocity gradient, and this may be attributed
to the reduced effective viscosity at higher shearing rates. Conversely, for n > 1 (shear-thickening fluids), 7, increases
more rapidly with the velocity gradient, given the corresponding increase in effective viscosity. This constitutive
relation between the velocity field and 7, will enable us to close the momentum-integral formulation for non-Newtonian
boundary-layer flows [11]. For an arbitrary velocity profile, including those given by Eqs. (10) and (13), one can put

ou U

— = 22F'(n),
3~ o (m)

0 Us FiUs
= =22F0) =2
ay ly=0 9

(16)

FiUs \"
, and so T =K .

0

G. Generalized Disturbance Thickness and Skin-Friction Coefficient

At this juncture, one may substitute 8 = 8¢ from Eq. (7) and 7, from Eq. (16) into the momentum-integral equation
given by Eq. (4). One recovers

(F}))"Us™%, andso 6" = (F)"Us™2x.  (17)

pUzﬁ@=K(FéUm)n’ sl _ K (n+ DK
dx 6 dx  Bp Bp

In this manner, the boundary-layer thickness may be determined for arbitrary consistency coefficient and flow-behavior
index using

1
0 A T (18)

1
+ 1K ml 02
5(x) = uF"] U

where, as before, Fé = F’(0). As for the local skin-friction coefficient, it may be immediately constructed from

0= e <o 2] (5

1

e S
ey — ULt x™ne, 19
%pUgo n+1 p) . (19)

Since it is customary to express ¢ and C in terms of Re,, we introduce its more generalized n-dependent expression,
Re, = pU%"x/K. After some rearrangements, we obtain the normalized universal forms:

n_
n+l

1 F!
5()C) Re;il _ (n +1 IB 0 =b. (20)

1
n+T n_
T (;n) =a and Cf(x)Re;‘” =2 (m)

where a and b denote characteristic constants. For the KP4 and MX4 profiles, as an example, one simply gets

1 1
+DK_|" a2 + DK (5\"|"" a2
5(x) = (”37) | yrixmT (KP4) and  S(x) = %(—) Ui xat  (MX4),  (21)
315 2835
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and, for the skin friction,

cfzz(ﬂ (_) UZTx" w1 (KP4) and cfzz(ﬂ (—) UZTx" w1 (MX4).  (22)
n+1 P n+1 o

Unsurprisingly, when n = 1, the solution reduces to the classical flat-plate scaling with 6 ~ x!/? and Cy ~ x~1/2,

H. Wall-Normal Velocity

In order to assess the degree of transverse mass transport, the wall-normal velocity may be extracted and expressed
in closed form. By substituting u = U F(77) into the continuity equation, one gets

v 6(x) / mo
_ 7 F ds, 23
Us ((m+1DxJy sF'(s) ds 23)
so that the normalized transverse velocity becomes
R v ar_ L o) L [T L
b(n) = (U_oo) Re*! = P TRe;‘ 1]/0 sF’(s) ds. (24)

For the KP4 and MX4 profiles at the boundary-layer edge (7 = 1), we have

/lsF’(s)ds— 2—54+‘—‘5—3(K1>4) and /lsF’ (s)ds—§2—§4+i 5—1(Mx4) (25)
, TP B AR T , M 6! T4 15T T o '

In what follows, comparisons will be carried out between the similarity solution and both KP4 and MX4 predictions.

II1. Results and Discussion

The predictive accuracy of the integral boundary-layer formulations is now assessed by comparing results obtained
using the classical Pohlhausen quartic and the optimized MX4 velocity profiles against the similarity solution for a
non-Newtonian flow over a flat plate. The similarity solution is treated as the reference model, as it does not rely on an
assumed nearfield velocity distribution. It may be viewed as reflecting the true rheological scaling of the constitutive
equations. Predictions of displacement thickness, momentum thickness, disturbance growth, and local skin-friction
coeflicient are subsequently evaluated over a representative range of flow-behavior indices.

We begin with Table 1, which delineates the structural differences between the similarity solution and the polynomial
approximations. While the similarity solution captures the dependence of the displacement and momentum thickness
ratios on the flow-behavior index 7, both polynomial profiles, by construction, yield constant values of @, 3, and
H. This invariance reflects the fact that the assumed velocity distributions impose a fixed geometric structure on the
boundary layer. In contrast, the similarity formulation accommodates the evolving balance between inertial transport
and nonlinear viscous diffusion as rheological effects vary with n. The distinction is fundamental: the integral approach
adapts to the non-Newtonian motion, whereas the similarity solution prescribes it.

The quantitative implications of this structural difference are summarized in Table 2. Therein, deviations
in boundary-layer growth and skin-friction scaling are reported relative to the similarity solution. The smallest
discrepancies occur near the Newtonian limit (n ~ 1), where both polynomial profiles most closely resemble the
classical laminar boundary-layer structure. This behavior may have been anticipated as both KP4 and MX4 were
developed for a Newtonian fluid in mind. Away from this limit, the accuracy becomes increasingly regime dependent.
The Pohlhausen profile remains competitive for shear-thinning fluids, whereas the MX4 formulation yields improved
predictions of both Cr and 6 as the flow transitions toward Newtonian and shear-thickening behavior.

This trend is illustrated more clearly in Fig. 2a, which presents the percent relative error in the skin-friction
coeflicient as a function of the flow-behavior index. In strongly shear-thinning regimes, the Pohlhausen profile exhibits
smaller deviations. However, near n ~ (.88, the MX4 formulation begins to track the similarity solution more closely.
In the Newtonian limit and throughout the shear-thickening regime, the MX4 profile consistently outperforms the
KP4 model in skin-friction estimates. This improvement stems from its more accurate representation of the near-wall
velocity gradient, which has an appreciable bearing on the wall shear stress.
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A comparable pattern emerges in Fig. 2b, where the percent error in boundary-layer thickness is reported. While
the classical Pohlhausen profile provides reasonable thickness estimates for shear-thinning fluids, the MX4 formulation
maintains improved agreement as n approaches unity and beyond. Indeed, the MX4 profile surpasses Pohlhausen’s
approximation for n > 0.84, reflecting its enhanced representation of the wall-gradient parameter and its connection to
streamwise growth of the disturbance thickness.

The role of the wall-gradient parameter becomes more transparent upon examining Fig. 3a. The similarity solution
enables us to determine the value of f’/(0), which controls the wall shear stress and, consequently, the local skin-friction
coefficient [11,38]. Asshown in this graph, f”’(0) varies systematically with n, thus showcasing the effect of nonlinear
viscosity on the near-wall velocity field. Because the wall shear stress enters directly into the momentum-integral
equation, variations in f”’(0) propagate into the predicted rate of boundary-layer growth. They appear in the evaluation

Table 1. Boundary-layer parameters from similarity, Pohlhausen, and MX4 solutions

Exact Similarity [8, 9] KP4 [21] MX4[26]

n a B H a B H a B H

0.6 02689 0.1136 2368 0300 0.1175 2.554 0350 0.1337 2.618
0.8 03158 0.1262 2501 0300 0.1175 2554 0350 0.1337 2.618
1.0 0.3442 0.1328 2.591 0.300 0.1175 2.554 0.350 0.1337 2.618
1.2 03759 0.1416 2.654 0300 0.1175 2.554 0.350 0.1337 2.618
1.4 03948 0.1462 2.701 0.300 0.1175 2.554 0.350 0.1337 2.618

Table 2. Boundary-layer growth and skin-friction scaling constants relative to the similarity solution. Percent
errors are reported for the integral methods

Exact Similarity [8, 9] KP4[21] MX4[26]

n o/x Cy 5% /x o/x Cy %AS  GACy o/x Cy %AS  GACy

0.6 7.1509 1.0168 19232 6.6341 09741 7.23 420 5.7143 09549 20.09 6.08
0.8 5.7812 0.8109 1.8255 6.1992 0.8091 7.23 0.23  5.3202 0.7903 798 2.55
1.0 5.0000 0.6641 1.7208 5.8356 0.6855 16.71 321 49934 0.6676 0.13 0.52
1.2 43195 05561 1.6237 5.5287 0.5904 2799 6.16 47194 0.5736 9.26 3.14
1.4 3.8937 04743 15373 5.2671 05156 3527 870 44871 04999 1524 540

2] Karman—Pohlhausen (KP4) 33 ] Karman—Pohlhausen (KP4)
81 - - Majdalani—Xuan (MX4) 30‘_ — — Majdalani-Xuan (MX4)
25 ]
20
15 !
10 .
3
0 ! ! ! T T [ ! ‘
06 07 08 09 10 11 12 13 14

%AC)
%AS

a) Skin-friction error b) Boundary-layer thickness error

Fig. 2. Percent error in a) skin friction and b) disturbance thickness relative to the Schowalter—Acrivos similarity
solution using the KP4 and MX4 velocity profiles across a wide range of power-law indices.
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of Cr in Eq. (9). Using n = 1, for instance, one extracts f”(0) =~ 0.332 from Fig. 3a, which enables us to readily
restore the C f\/R_ex = (0.664 classic value for a Newtonian fluid by way of Fig. 3a.

As the flow-behavior index increases, the constitutive relation amplifies the sensitivity of wall shear stress to the
near-wall velocity gradient. Consequently, even modest discrepancies in the assumed wall gradient produce increasingly
pronounced deviations in both Cr and ¢ for shear-thickening fluids. Conversely, shear-thinning regimes exhibit reduced
sensitivity to gradient misrepresentation, rendering the classical Pohlhausen profile comparatively more robust in that
range.

The transverse velocity shown in Fig. 3b follows the same dependence on the flow behavior index observed in the
thickness and skin-friction results. As n increases, the normalized form of the transverse velocity decreases. In this
shear-thickening range, the reduced cross-stream entrainment is consistent with the diminished boundary-layer growth
and Cy reported in Table 2. In contrast, shear-thinning flows are found to exhibit a more prominent transverse motion.
The MX4 profile remains closer to the similarity solution near and above n = 1, whereas the classical Pohlhausen
formulation performs better in deeper shear-thinning cases, which is consistent with prior trends. These results reflect
the strong coupling between near-wall gradients, streamwise growth, and cross-stream transport.

Overall, the results demonstrate that the predictive fidelity of integral boundary-layer approximations depends
jointly on the rheological regime and the near-wall velocity representation. The Pohlhausen quartic profile provides
reliable estimates for shear-thinning flows, whereas the optimized MX4 formulation offers improved accuracy in
Newtonian and shear-thickening regimes. These findings are consistent with the conclusions of Majdalani and Xuan
[26], particularly, that careful optimization of polynomial velocity distributions can substantially enhance the model’s
agreement with similarity-based solutions without sacrificing analytical tractability.

IV. Conclusions

In this work, integral boundary-layer approximations for the laminar flow of an incompressible power-law fluid over
a flat plate are developed using the Kérman—Pohlhausen momentum-integral framework in conjunction with two quartic
velocity representations: the classical Pohlhausen profile (KP4) and the optimized Majdalani—Xuan (MX4) polynomial.
Closed-form analytical expressions are derived for the disturbance thickness, displacement, and momentum thicknesses,
as well as the local skin-friction coefficient as functions of the streamwise coordinate, consistency coefficient, and flow-
behavior index. These predictions are systematically evaluated against the generalized Schowalter—Acrivos similarity
solution, which serves as the reference model.

The comparison reveals that the predictive fidelity of the integral formulation depends primarily on the
representation of the near-wall velocity gradient and, secondarily, on the rheological regime characterized by the
flow-behavior index, n. Near the Newtonian limit, both quartic profiles recover the classical boundary-layer scaling
with minimal deviation. As the flow departs from n = 1, however, the performance of each profile becomes increasingly
regime dependent.

For shear-thinning fluids with n < 1, the classical Pohlhausen polynomial remains competitive and, in several cases,
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0.355 ] 0.8 ™. — — Majdalani—Xuan (MX4)
0.350 - . 071 2 N - — Schowalter—Acrivos
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Fig. 3. Sensitivity of a) the similarity wall-gradient parameter, f’’ (0), as well as b) the normalized wall-normal

velocity, b = vRe}C/ (n+1) /U, evaluated at n = 1/2, across a wide range of power-law indices.
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exhibits smaller deviations in both disturbance thickness and skin friction (i.e., for n < 0.84 and n < 0.88, respectively).
Conversely, as the flow approaches Newtonian and shear-thickening behavior (n > 1), the MX4 formulation provides
consistently improved agreement with the similarity solution. This enhanced performance is directly attributable to its
optimized wall-gradient parameter, which more accurately captures the shear stress gradient affecting the momentum-
integral relation. In practice, it outperforms Pohlhausen’s KP4 formulation in estimating the boundary-layer thickness
and skin-friction coefficient for n > 0.84 and n > 0.88, respectively.

The role of the similarity wall-gradient parameter, '/ (0), becomes especially evident in dilatant regimes. Because
the wall shear stress scales with the velocity gradient raised to the power n, even modest discrepancies in the assumed
near-wall slope are amplified as n is increased. Consequently, shear-thickening flows are seen to exhibit heightened
sensitivity to polynomial structure, whereas shear-thinning fluids seem to entail comparatively reduced dependence on
wall gradient precision.

These findings suggest that the principal limitation of classical Kdrman—Pohlhausen formulations in non-Newtonian
boundary layers arises not from the integral framework itself, but from the assumed velocity distribution embedded
within it. When the near-wall behavior is represented with sufficient fidelity, the momentum-integral method is likely
to remain both robust and analytically tractable across a broad range of rheological conditions. For this reason, the
development of rheologically-sensitive nearfield profiles that incorporate the effect of n are presently needed.

From a practical standpoint, the foregoing results provide clear guidance for engineering applications involving
non-Newtonian drag estimation and boundary-layer analysis. On the one hand, the classical Pohlhausen profile
offers an analytically simple and sufficiently accurate approximation for shear-thinning fluids. On the other hand,
for Newtonian and shear-thickening regimes, where wall-shear sensitivity is amplified, the MX4 formulation offers
superior predictive capability without sacrificing closed-form convenience. The continued use of integral methods is
therefore well justified, provided that the assumed velocity representation is selected in accordance with the rheological
model in question.
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