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Numerical investigation of turbulent combustion tends to be challenging from the compu-
tational cost perspective due to the need to accurately capture the multi-scale and nonlinear
processes resulting from turbulence-chemistry interaction. Therefore, a reliable and robust
modeling strategy is needed for efficient simulation of turbulent combustion. In this study, we
assess the performance of the two-level simulation (TLS) modeling strategy for the simulation
of turbulent non-premixed combustion. In the TLS model, which was originally developed for
incompressible turbulent flows and scalar mixing in such flows, both large- and small-scale
flow fields are explicitly evolved in a coupled manner. An extensive a priori assessment of the
TLS model is performed using the direct numerical simulation dataset corresponding to a
temporally evolving turbulent non-premixed jet flame, which exhibits the presence of extinction
and re-ignition phenomena, making it a challenging test case for model assessment. The a
priori analysis is carried out by examining the behavior of the large- and the small-scales of
the reacting flow field in the physical and the spectral space and verifying the TLS modeling
assumptions that are used to simplify the small-scale equations.

I. Introduction
Numerical investigation of turbulent combustion can be performed using approaches with different levels of fidelity.

For example, direct numerical simulation (DNS), where all the relevant scales are captured, is typically used for the
investigation of fundamental features of turbulence-chemistry interaction. However, the large computational cost of DNS
limits its usage to simplified geometries and lower-to-moderate Reynolds number (𝑅𝑒) flows. Large-eddy simulation
(LES), on the other hand, appears to be a viable alternative for the simulation of practically relevant flows, where the
large-scale (LS) features are captured and the effects of small-scale (SS) features are modeled using SGS closures [1, 2].
However, the employed SGS closures should be accurate and robust enough to account for the SS processes (reaction,
diffusion, and mixing) and their coupling with the LS processes. In this study, we focus on a multi-scale modeling
strategy for the simulation of turbulent non-premixed flames within the finite-rate kinetics framework.

Although there exists a wide range of SGS models for turbulent combustion, there are challenges in terms of their
regime of applicability, the ability to account for finite-rate kinetics effects, handling of different modes of turbulent
combustion (premixed and non-premixed), etc. These challenges have lead to the development of numerous SGS
closures such as partially stirred reactor (PaSR) [3], thickened flame model (TFM) [4], flame surface density (FSD)
[5], conditional moment closure (CMC) [6], conditional source estimation (CSE) [7], transported probability density
function (TPDF) [8], multi-environment PDF (MEPDF) [9], one-dimensional turbulence (ODT) [10], and linear-eddy
model (LEM) [11] and its variants [12, 13], etc. Despite the availability of a wide range of models, the establishment of
an SGS model that works for all regimes and over a range of operating conditions without ad hoc tuning is still needed.
The present study focuses on the assessment of the TLS model, which has unique capabilities to explicitly account for
LS and SS processes, and a coupling of such processes.

TLS is a multi-scale model [14], which was originally developed for the simulation of high 𝑅𝑒 turbulent flows.
It applies the scale decomposition directly to the Navier-Stokes equations leading to governing equations for both
the large- and small-scales of motion.The coupled LS and SS equations are simplified further by employing the TLS
modeling assumptions to the SS equations. Additionally, to reduce computational costs, the three-dimensional (3D)
SS equations are solved on three orthogonal one-dimensional (1D) lines embedded within a 3D grid on which the LS
equations are solved. As the TLS model simulates both LS and SS processes and their interactions, it has some unique
physics-based capabilities in capturing the SS physics such as vorticity dynamics, scalar dissipation rate, anisotropic
behavior, co-/counter-gradient transport, backscatter, etc. [15, 16]. Some of these small-scale features are difficult to
capture while employing a conventional LES relying on eddy viscosity/diffusivity based modeling strategy. TLS model
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has been extensively used in the past studies to study a wide range of flows such as isotropic turbulence, temporal
mixing layer, wall-bounded flows, transitional flows, compressible scalar mixing, etc [14, 16–23]. The model has been
recently extended for the modeling of passive scalar mixing [15]. In a recent study, the a priori assessment of the
model for turbulent premixed flames have shown its promising abilities [24]. The present study focuses on assessing
the capabilities of this model in capturing the features of turbulent non-premixed flames. We consider a temporally
evolving turbulent non-premixed jet flame which exhibits the approach towards extinction followed by re-ignition, thus
posing a challenging task from a modeling perspective. Note that this configuration has been extensively studied in the
past for the development and assessment of novel methods and models [25, 26].

This article is arranged as follows. Section II describes the governing equations and the formulation of the TLS
model. Section III discusses the computational setup and the numerical approach. The results from the analysis of the
model are discussed in Sec. IV. Finally, a summary of the key conclusions of this study is presented in Sec. V.

II. Mathematical Formulation
In this section, we first describe the governing equations. Afterward, details of the TLS model and the resulting LS

and SS governing equations are presented.

A. Governing equations
The governing equations for turbulent combustion comprise the compressible multi-species reacting Navier-Stokes

equations, which correspond to the conservation of mass, momentum, energy, and species mass. These equations are
given by

𝜕𝜌

𝜕𝑡
+ 𝜕𝜌𝑢𝑖

𝜕𝑥𝑖
= 0, (1)

𝜕𝜌𝑢𝑖

𝜕𝑡
+ 𝜕

𝜕𝑥 𝑗
[𝜌𝑢𝑖𝑢 𝑗 + 𝑃𝛿𝑖 𝑗 − 𝜏𝑖 𝑗 ] = 0, (2)

𝜕𝜌𝐸

𝜕𝑡
+ 𝜕

𝜕𝑥𝑖
[(𝜌𝐸 + 𝑃)𝑢𝑖 + 𝑞𝑖 − 𝑢 𝑗𝜏𝑖 𝑗 ] = 0, (3)

𝜕𝜌𝑌𝑘

𝜕𝑡
+ 𝜕

𝜕𝑥𝑖
[𝜌(𝑌𝑘𝑢𝑖 + 𝑌𝑘𝑉𝑖,𝑘)] = ¤𝜔𝑘 𝑘 = 1, ..., 𝑁𝑠 . (4)

Here, 𝜌 is the density, (𝑢𝑖)𝑖=1,2,3 is the velocity vector in Cartesian coordinates, 𝐸 is the specific total energy, 𝑃 is the
pressure, and 𝑌𝑘 is the mass fraction for the 𝑘 𝑡ℎ species. Additionally, 𝑁𝑠 is the total number of species in the flow, 𝜏𝑖 𝑗
is the viscous stress tensor, 𝑞𝑖 is the heat flux vector, and 𝑉𝑘,𝑖 and ¤𝜔𝑘 are the diffusion velocity component and reaction
rate of the 𝑘 𝑡ℎ species, respectively. The thermally perfect gas equation of state is used to relate the thermodynamic
quantities through: 𝑃 = 𝜌𝑅𝑇 . Here, 𝑇 is the temperature, and 𝑅 denotes the mixture gas constant. The thermodynamic
properties such as specific heats are obtained from classical temperature-dependent curve fits.

In the above equations, the heat-flux vector 𝑞𝑖 , and the viscous stress tensor, 𝜏𝑖 𝑗 , are given by

𝑞𝑖 = −𝜆(𝑇) 𝜕𝑇
𝜕𝑥𝑖

+ 𝜌

𝑁𝑠∑︁
𝑘=1

ℎ𝑘𝑌𝑘𝑉𝑖,𝑘 , 𝜏𝑖 𝑗 = 2𝜇(𝑇) (𝑆𝑖 𝑗 −
1
3
𝑆𝑘𝑘𝛿𝑖 𝑗 ), (5)

where 𝑆𝑖 𝑗 =
1
2 (
𝜕𝑢𝑖
𝜕𝑥 𝑗

+ 𝜕𝑢 𝑗

𝜕𝑥𝑖
) is the strain-rate tensor, 𝜇 is the viscosity, 𝜆 is the thermal conductivity, and ℎ𝑘 is the specific

enthalpy of the 𝑘 𝑡ℎ species. The transport properties and the diffusion coefficient for species are obtained through
the well-known mixture-averaged formulation [27]. The above system of conservation equations is complete after the
specification of the initial and boundary conditions specific to a configuration.
B. Two-Scale Decomposition

The TLS model uses scale separation of any variable 𝜓(x, 𝑡) into its LS and SS components. Here, the LS function
is denoted by LΔ and although it can be defined in many ways, in the TLS model it is defined on the underlying LS grid
𝐺Δ. Thus, 𝜓(x, 𝑡) = 𝜓𝐿 (x, 𝑡) + 𝜓𝑆 (x, 𝑡), where superscripts ‘L’ and ‘S’ denote large- and small-scale components of
𝜓(x, 𝑡), respectively. The LS field is defined as [14]:

𝜓𝐿 (x, 𝑡) = LΔ𝜓(x, 𝑡) = IΔ ◦ SΔ [𝜓(x, 𝑡)], (6a)
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SΔ : 𝜓(x, 𝑡) → 𝜓𝐿 (x𝑘 , 𝑡), IΔ : 𝜓𝐿 (x𝑘 , 𝑡) → 𝜓𝐿 (x, 𝑡), x𝑘 ∈ 𝐺Δ ≡ {x1, ..., x𝑁 } ⊂ Ω, (6b)

where, the LS function LΔ is the application of a local averaging operator SΔ followed by an interpolation operator IΔ

with x𝑘 representing the nodes corresponding to the LS grid. Applying SΔ on 𝜓(x, 𝑡) yields a discrete representation of
the LS field denoted by 𝜓𝐿 (x𝑘 , 𝑡), which is defined at x𝑘 . This is then interpolated into the SS (finer) grid to obtain
a continuous representation of the LS field denoted by 𝜓𝐿 (x, 𝑡). Once the continuous representation of the LS field
is obtained, the corresponding SS field (denoted by 𝜓𝑆) is obtained. The SS grid is much finer than the LS grid and
is chosen to ensure the resolution of the relevant length scales in a manner similar to DNS. The scale decomposition
applied to the mixture fraction field is shown in Fig. 1(a).

In the present study, we follow the formulation described in a past study, where the TLS model was extended to
compressible flows. In this approach, the TLS scale decomposition is expressed as 𝜓 = 𝜓𝐿 + 𝜓′′𝑆 , where 𝜓𝐿 is the
Favre density-weighted LS field expressed as: 𝜓𝐿 =

(𝜌𝜓)𝐿
𝜌𝐿

.

C. TLS Equations
Applying the two-scale decomposition discussed in Sec. II.B, leads to the following LS equations for conservation

of mass, momentum, energy, and species mass equations:

𝜕𝜌𝐿

𝜕𝑡
+ 𝜕

𝜕𝑥𝑖
[𝜌𝑢𝑖]𝐿 = 0, (7)

𝜕𝜌𝐿 𝑢̃𝐿
𝑖

𝜕𝑡
+ 𝜕

𝜕𝑥 𝑗
[(𝜌𝑢𝑖𝑢 𝑗 )𝐿 + 𝑃𝐿𝛿𝑖 𝑗 − 𝜏̃𝐿𝑖 𝑗 ] = 0, (8)

𝜕𝜌𝐿𝐸𝐿

𝜕𝑡
+ 𝜕

𝜕𝑥𝑖
[((𝜌𝐸 + 𝑃)𝑢𝑖)𝐿 + 𝑞𝐿𝑖 − 𝑢̃𝐿𝑗 𝜏̃

𝐿
𝑖 𝑗 ] = 0, (9)

𝜕𝜌𝐿𝑌𝑘
𝐿

𝜕𝑡
+ 𝜕

𝜕𝑥𝑖
[𝜌𝑌𝑘 (𝑢𝑖 +𝑉𝑘,𝑖)]𝐿 = ¤𝜔𝐿𝑘 , 𝑘 = 1, ..., 𝑁𝑠 . (10)

The corresponding SS equations are given by

𝜕𝜌𝑆

𝜕𝑡
+ 𝜕

𝜕𝑥𝑖
[𝜌𝑢𝑖] = E𝐿 , (11)

𝜕

𝜕𝑡
(𝜌𝑢′′𝑆𝑖 + 𝜌𝑆 𝑢̃𝐿𝑖 ) +

𝜕

𝜕𝑥𝑖
[(𝜌𝑢𝑖𝑢 𝑗 + 𝑃𝑆𝛿𝑖 𝑗 − 𝜏̃′′𝑆𝑖 𝑗 )] = F 𝐿 , (12)

𝜕

𝜕𝑡
(𝜌𝐸 ′′𝑆 + 𝜌𝑆𝐸𝐿) + 𝜕

𝜕𝑥𝑖
[(𝜌𝐸 + 𝑃)𝑢𝑖 + 𝑞′′𝑆𝑖 − 𝑢̃𝐿𝑗 𝜏̃

′′𝑆
𝑖 𝑗 − 𝑢̃′′𝑆𝑗 𝜏̃′′𝐿𝑖 𝑗 − 𝑢̃′′𝑆𝑗 𝜏̃′′𝑆𝑖 𝑗 ] = G𝐿, (13)

𝜕

𝜕𝑡
(𝜌𝑌 ′′𝑆

𝑘 + 𝜌𝑆𝑌 ′′𝐿
𝑘 ) + 𝜕

𝜕𝑥𝑖
[𝜌𝑌𝑘 (𝑢𝑖 +𝑉𝑘,𝑖)] = ¤𝜔𝑆𝑘 + H 𝐿

𝑘 , 𝑘 = 1, ..., 𝑁𝑠 . (14)

The terms E𝐿 , F 𝐿 , G𝐿 , and H 𝐿
𝐾

couple the LS and SS fields in the mass, momentum, energy, and species mass
equations, respectively. These terms are given by

E𝐿 =
𝜕

𝜕𝑥𝑖
[𝜌𝑢𝑖]𝐿 , F 𝐿 =

𝜕

𝜕𝑥 𝑗
[𝜌𝑢𝑖𝑢 𝑗 ]𝐿 ,G𝐿 =

𝜕

𝜕𝑥𝑖
[(𝜌𝐸 + 𝑃)𝑢𝑖]𝐿 ,H 𝐿

𝐾 =
𝜕

𝜕𝑥𝑖
[𝜌𝑌𝑘 (𝑢𝑖 +𝑉𝑘,𝑖)]𝐿 , 𝑘 = 1, ..., 𝑁𝑠 . (15)

The above LS and SS equations when combined and expressed in 3D recover the DNS equations, thus offering no
computational advantage. In the TLS model, an approximate formulation of the SS equations is obtained to address the
computational cost issue, which is discussed next.
D. Modeling of SS Equations

In the TLS model, a two-scale strategy is employed as shown in Fig. 1(b). While the LS equations are solved on a
3D grid using a conventional solver, the SS equations are solved on a collection of three orthogonal 1D lines embedded
within the LS grid. The SS grid is chosen to resolve all the smallest spatial scales of interest along the respective
direction, and a modeled form of the SS equations is solved on these 1D lines. As the SS equations are solved along the
three 1D orthogonal lines, multiple realizations of the SS field are obtained. For example, there is one equation for a SS
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(a) (b)

Fig. 1 Illustration of the scale decomposition showing DNS, discrete LS, continuous LS, and SS mixture fraction
fields (a) and Sketch of 1D SS lines embedded in the 3D LS grid along three-orthogonal directions (b).

scalar field along each orthogonal direction. Thus, in a given LS grid there are three realizations of the SS scalar field,
which are ensemble-averaged to recover the SS scalar field.

Solving the SS equations along each of the 1D lines requires assumptions that primarily impact how the derivatives
in the transverse directions (to the 1D direction) are modeled. The rationale and the justification used for the velocity
and scalar fields were discussed earlier in the context of incompressible turbulent flows with scalar mixing, and are,
therefore, not repeated here, for brevity. For reacting flows, which is of interest in the present study, two assumptions are
employed. These assumptions for a scalar field 𝜙 are given by
1) the SS second-order derivative along the 1D line 𝑙𝑘 for the SS scalar field 𝜙𝑆 is modeled as the average sum of the

SS second-order derivatives along all three orthogonal directions through:

𝜕2𝜙𝑆

𝜕𝑥𝑘𝜕𝑥𝑘
=

1
3

3∑︁
𝑗=1

𝜕2𝜙𝑆

𝜕𝑥2
𝑗

. (16)

Here ‘𝑘’ is a free index and refers to the line 𝑙𝑘 , which is parallel to the corresponding coordinate 𝑥𝑘 (𝑘 = 1, 2, and
3).

2) the SS contribution to the advection term from the SS scalar field is neglected in the transverse direction ( 𝑗 ≠ 𝑘) to
the line 𝑙𝑘 :

𝜕

𝜕𝑥 𝑗
[(𝜌𝐿 + 𝜌𝑆) (𝑢̃𝐿𝑗 + 𝑢′′𝑆𝑗 ) (𝜙𝐿 + 𝜙′′𝑆)]𝑆 =

𝜕

𝜕𝑥 𝑗
[(𝜌𝐿 + 𝜌𝑆 (𝑙𝑘)) (𝑢̃𝐿𝑗 + 𝑢′′𝑆𝑗 (𝑙𝑘)) (𝜙𝐿 + 𝜙′′𝑆) (𝑙𝑘)]𝑆 . (17)

These two assumptions lead to a simplified form of the 1D SS equations, thus leading to a significant computational
cost reduction. The approximated 1D SS equations along line 𝑙𝑘 are given by

𝜕𝜌𝑆

𝜕𝑡
+ 𝜕

𝜕𝑥𝑖
[𝜌(𝑙𝑘)𝑢𝑖 (𝑙𝑘)] = E𝐿 (𝑙𝑘), (18)

𝜕

𝜕𝑡
(𝜌𝑢′′𝑆𝑖 + 𝜌𝑆 𝑢̃𝐿𝑖 ) +

𝜕

𝜕𝑥 𝑗
[(𝜌(𝑙𝑘)𝑢𝑖 (𝑙𝑘)𝑢 𝑗 (𝑙𝑘)) + 𝑃𝑆 (𝑙𝑘)𝛿𝑖 𝑗 − 𝜏̃′′𝑆𝑖 𝑗 (𝑙𝑘)] = F 𝐿 (𝑙𝑘), (19)

𝜕

𝜕𝑡
(𝜌𝐸 ′′𝑆 + 𝜌𝑆𝐸𝐿) + 𝜕

𝜕𝑥𝑖
[(𝜌(𝑙𝑘)𝐸 (𝑙𝑘) + 𝑃(𝑙𝑘))𝑢𝑖 (𝑙𝑘) + 𝑞′′𝑆𝑖 (𝑙𝑘)

−𝑢̃′′𝐿𝑗 𝑞′′𝑆𝑖 (𝑙𝑘) − 𝑢̃′′𝑆𝑗 (𝑙𝑘)𝜏̃′′𝐿𝑖 𝑗 − 𝑢̃′′𝑆𝑗 (𝑙𝑘)𝜏̃′′𝑆𝑖 𝑗 (𝑙𝑘)] = G𝐿 (𝑙𝑘), (20)

𝜕

𝜕𝑡
(𝜌𝑌 ′′𝑆

𝑚 + 𝜌𝑆𝑌 𝐿𝑚) +
𝜕

𝜕𝑥𝑖
[𝜌(𝑙𝑘)𝑌𝑚 (𝑙𝑘) (𝑢𝑖 (𝑙𝑘) +𝑉𝑚,𝑖 (𝑙𝑘))] = ¤𝜔𝑆𝑚 (𝑙𝑘) + H 𝐿

𝑚 (𝑙𝑘), 𝑚 = 1, ..., 𝑁𝑠 . (21)

III. Computational Approach and Setup
In this section, we first describe the numerical methodology used to perform DNS of the case considered in this

study. Afterward, the canonical non-premixed jet flame configuration is discussed.
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Fig. 2 Schematic of the turbulent non-premixed flame configuration.

A. Numerical Methodology
The governing equations described in Sec. II.A are solved using a well-established 3D parallel, multi-species

compressible reacting flow solver, referred to as AVF-LESLIE [28, 29] It is a multi-physics simulation tool capable of
performing DNS and LES of reacting/non-reacting flows. It has been extensively used in the past to study a wide variety
of flow conditions, including acoustic flame-vortex interaction, premixed flame turbulence interaction, non-premixed
combustion, and compressible turbulence [26, 28–31].

The solver utilizes a finite volume-based spatial discretization of the governing equations in their conservative form
on a structured grid using the generalized curvilinear coordinates. The spatial discretization is based on the well-known
second-order accurate MacCormack scheme [32]. The time integration of the semi-discrete system of equations is
performed by an explicit second-order accurate scheme. The solver can handle arbitrarily complex finite-rate chemical
kinetics. The mixture-averaged transport properties, the finite-rate kinetics source terms, and the thermally perfect
gas-based thermodynamic properties are obtained using the Cantera software [33]. The parallelization of the solver is
based on the standard domain decomposition technique based on the message-passing interface library. The chemical
kinetics employed in this study is a 21-step, 11-species non-stiff mechanism developed by Hawkes et al., which has been
used previously in both DNS [34] and LES studies [25].
B. Computational Setup

A schematic of the non-premixed flame configuration is shown in Fig. 2. We consider the flow with a characteristic
jet velocity 𝑈 = 100 m/s at a pressure 𝑃 = 1 atm. The flow configuration comprises an inner fuel jet (50% CO, 10% 𝐻2,
and 40% 𝑁2 by volume) and an outer oxidizer stream (25% 𝑂2 and 75% 𝑁2 by volume), which are counter-flowing
in the streamwise direction. The jet has a Reynolds number (𝑅𝑒 𝑗𝑒𝑡 ) of 2315 and a Damköhler number (𝐷𝑎) of 0.01,
which is low enough to induce local extinction during turbulence-chemistry interaction. The extent of the computational
domain is 𝐿𝑥 × 𝐿𝑦 × 𝐿𝑧 = 12𝐻 × 14𝐻 × 8𝐻, where 𝐻 = 0.96 mm is the initial width of the fuel jet. The simulations in
this study employ about 18 uniformly spaced points along 𝐻, which leads to approximately 2.1M grid points total, with
a minimum resolution of approximately 4𝜂.

The reacting flow field is initialized with a laminar flamelet solution [35] at a bulk strain rate 𝜅 = 0.75𝜅𝑞 , where
𝜅𝑞 = 1295𝑠−1 is the extinction bulk strain rate. Here, 𝜅𝑞 is obtained by gradually increasing the bulk strain rate in the
laminar flamelet calculation until extinction occurs. To allow for the evolution of shear layer turbulence, broadband
isotropic turbulence is superimposed on the mean flow with an initial integral length-scale of 𝐻/3, and turbulence
intensity of 0.05𝑈. A periodic boundary condition is specified along the streamwise and spanwise directions, whereas
a perfectly non-reflecting, characteristic-based outflow boundary condition is used in the transverse direction. The
characteristic transient jet time is defined as 𝑡 𝑗 = 𝐻/𝑈 and the simulations are conducted up to 40𝑡 𝑗 to capture both the
extinction and re-ignition events.

IV. Results

A. Instantaneous Reacting Flow Features
The spatial evolution of the flame structure at local extinction and re-ignition time instants is shown in Fig. 3

(a-b). The flame location is identified by using iso-lines of 𝑍 = 𝑍st, where 𝑍 =
(
𝑠𝑌𝐹 − 𝑌𝑂 + 𝑌𝑂,0

)
/
(
𝑠𝑌𝐹,0 + 𝑌𝑂,0

)
is the

mixture fraction and 𝑍st is the stoichiometric mixture fraction. Here, 𝑠 is the stoichiometric air-fuel ratio, 𝑌𝐹 is the fuel
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(a) (b)

(c) (d)

Fig. 3 Contours of OH mass fraction overlaid with the stoichiometric mixture fraction (upper) and vorticity
magnitude (lower) at times corresponding to local extinction (left) and re-ignition (right).

mass fraction, 𝑌𝑂 is the oxidizer mass fraction, 𝑌𝐹,0 is the fuel mass fraction at fuel stream inlet, and 𝑌𝑂,0 is the oxidizer
mass fraction at oxidizer stream inlet.

At 20𝑡 𝑗 only a few distinct OH pockets survive and bind to the stoichiometric surfaces suggesting that local extinction
has been reached in most of the shear layer regions. However, at 40𝑡 𝑗 , the values of OH mass fraction increase sharply in
most regions inside the shear layers surrounding the stoichiometric surfaces, thus indicating the approach of re-ignition.
Some of the disconnected small radical pockets observed at 20𝑡 𝑗 become the source of re-ignition at 40𝑡 𝑗 .

Figure 4 shows the temporal evolution and PDF of the temperature field on the 𝑍 = 𝑍st iso-surface. The mean
temperature starts at approximately 1600 K, and then gradually decreases to ∼1180 K at 20𝑡 𝑗 , and then gradually
increases to ∼1600 K at 40𝑡 𝑗 . This evolution of the mean temperature clearly shows the approach towards local extinction
followed by a subsequent re-ignition. The most probable temperatures in the PDF plots (see Fig. 4) follow the temporal
evolution of mean temperature. PDFs at re-ignition are much narrower than those at local extinction, which indicates
that even at local extinction, there are some pockets of gas in a fully burning state.
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(a) (b)

Fig. 4 (a) Temporal evolution of mean temperature on the stoichiometric surface and (b) PDF of temperature
on the stoichiometric surface at local extinction (20𝑡 𝑗 ) and re-ignition (40𝑡 𝑗 ).

Table 1 Correlation coefficient of 𝑀𝑣
𝜙,2 with respect to 𝐸𝑣

𝜙,2 along line 𝑙2 for 𝜙 = 𝑍 and 𝜙 = 𝑢 at extinction and
reignition using different LS grids.

LS grid 𝑡 = 20𝑡j 𝑡 = 40𝑡j
𝜙 = 𝑍 𝜙 = 𝑢 𝜙 = 𝑍 𝜙 = 𝑢

LS4Δ 0.93 0.90 0.93 0.89
LS8Δ 0.88 0.86 0.89 0.87
LS16Δ 0.83 0.79 0.84 0.80

B. Assessment of TLS Modeling Assumptions
In this section, we assess the validity of the two assumptions discussed in Sec. II.D employed by the TLS model to

obtain the approximated 1D SS equations. The modeling assumptions are assessed along line 𝑙2, which is oriented
along the vertical direction.

The first TLS model assumption discussed in Sec. II.D corresponds to the reduction of the 3D SS second-order
derivatives along a particular 1D line. According to this assumption, the difference between the SS second-order
derivatives of a field variable 𝜙 in a particular direction on the 1D line 𝑙𝑘 and the averaged sum of the SS second-order
derivatives in all three directions is equal to zero, i.e., 𝑉𝜙,𝑘 = 0, where 𝑉𝜙,𝑘 =

∑3
𝑗=1

1
3
𝜕2𝜙𝑆

𝜕𝑥2
𝑗

− 𝜕2𝜙𝑆

𝜕𝑥2
𝑘

. Here, 𝑘 is not a
repeated index.

To examine the behavior of the SS second-order derivative terms, we examine the joint PDFs of the modeled(
𝑀𝜈
𝜙,𝑘

=
∑3
𝑗=1

1
3
𝜕2𝜙𝑆

𝜕𝑥2
𝑗

)
and the exact

(
𝑀𝜈
𝜙,𝑘

=
𝜕2𝜙𝑆

𝜕𝑥2
𝑘

)
SS second-order derivative terms along line 𝑙2. Here, the

superscript ‘𝜈’ indicates the contribution of the SS second-order derivative terms to the viscous terms. Figure 5 shows
the joint PDFs of 𝑀𝜈

𝜙,2 with respect to 𝐸𝜈
𝜙,2 along line 𝑙2 at 20𝑡 𝑗 and 40𝑡 𝑗 . The results are examined with 𝜙 = 𝑢 and

𝜙 = 𝑍 which are considered to be the representative fields corresponding to the flow and the scalar fields.
In both cases (20𝑡 𝑗 and 40𝑡 𝑗 ) and for both field variables, the contours of the joint PDFs exhibit the presence of a

peak value near the origin, thus demonstrating the validity of the first modeling assumption. Note that the bisector of the
first and the third quadrants implies the model assumption 𝑉𝜙,𝑘 = 0, and the events away from the bisector are excluded
from the modeling assumption. It is apparent that in both cases, the events with large magnitude 𝐸𝜈

𝜙,2 correlate very
well with the event corresponding to a large magnitude of 𝑀𝜈

𝜙,2 with the same sign. The correlation tends to be higher
for the mixture fraction field compared to the flow field, which can be attributed to the presence of a mean gradient
of the mixture fraction. When the LS grid is coarsened, the contour deviates from the bisector of the first and third
quadrants, indicating a reduced correlation between the modeled and the exact quantities. This behavior is clear from
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(a) (b)

(c) (d)

Fig. 5 Transformed joint PDF (𝜉 = ln 𝑓 ) of 𝑀𝜈
𝜙,𝑘

with respect to 𝐸𝜈
𝜙,𝑘

obtained 𝑡 = 20𝑡j (a,b) and 𝑡 = 40𝑡j along
line 𝑙2 with 𝜙 = 𝑢 (a, c) and 𝜙 = 𝑍 (b, d). The colored and solid curve contours correspond to LS grid resolutions
LS4Δ and LS16Δ, respectively.
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(a) (b)

(c) (d)

Fig. 6 Transformed joint PDF (𝜒 = ln 𝑓 ) of 𝑀𝑎
𝜙,𝑘

with respect to 𝐸𝑎
𝜙,𝑘

obtained at 𝑡 = 20𝑡j (a,b) and 𝑡 = 40𝑡j (c,d)
along line 𝑙2 with 𝜙 = 𝜌𝑢 (a, c) and 𝜙 = 𝜌𝑍 (b, d). The colored and solid curve contours correspond to LS grid
resolutions LS4Δ and LS16Δ, respectively.

the correlation coefficients of 𝑀𝜈
𝜙,1 with respect to 𝐸𝜈

𝜙,1 at various LS grid resolutions summarized in Table 1.
The second assumption made in the TLS model addresses the treatment of the nonlinear advection term. In the

solution of the SS equations along a 1D line 𝑙𝑘 , the advection of the SS fields in directions orthogonal to 𝑙𝑘 are neglected.
The assessment of this assumption is performed here for 𝜙 = 𝜌𝑍 and 𝜙 = 𝜌𝑢 representing the advection of scalar
and flow fields. Figure 6 displays the joint PDF of 𝑀𝑎

𝜙,2 and 𝐸𝑎
𝜙,2 at times 𝑡 = 20𝑡j and 𝑡 = 40𝑡j. In all contours,

we see a high probability of low-magnitude SS advection, indicating that this term is often relatively negligible. In
Fig. 6(a,c) corresponding the the flow field (𝜙 = 𝜌𝑢), the contour is clustered along the line bisecting quadrants 1 and 3
demonstrating a strong correlation between the modeled and exact quantity both in magnitude and direction. However,
this correlation is weaker when considering the scalar field (𝜙 = 𝜌𝑍) shown in Fig. 6(b,d). For the scalar field, the effect
of grid resolution is apparent, as the case with coarser grid resolution of LS16Δ is seen to deviate significantly from the
diagonal bisector. For both the scalar and flow fields, the correlation between the modeled and exact advection term is
stronger at time 𝑡 = 40𝑡j relative to 𝑡 = 20𝑡j. The details of the correlation coefficients between the modeled and exact
advection terms are provided in Table 2.

V. Conclusion
In this study, the TLS model, a two-scale modeling strategy originally developed for the simulation of incompressible

turbulent flows and passive scalar mixing in such flows, is assessed for its ability to model turbulent non-premixed
flames. A key aspect of the TLS model is its ability to capture both large- and small-scale dynamics to approximately
represent the dynamics over the entire range of spatial and temporal scales. These features of the TLS method are
analyzed through an a priori analysis of the DNS dataset to show its capabilities in terms of ability to represent the LS
and SS dynamics of the reacting flow field in the physical space.
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Table 2 Correlation coefficient of 𝑀𝑎
𝜙,2 with respect to 𝐸𝑎

𝜙,2 along line 𝑙2 for 𝜙 = 𝜌𝑍 and 𝜙 = 𝜌𝑢 at extinction
and reignition using different LS grids.

LS grid 𝑡 = 20𝑡j 𝑡 = 40𝑡j
𝜙 = 𝜌𝑍 𝜙 = 𝜌𝑢 𝜙 = 𝑍 𝜙 = 𝑢

LS4Δ 0.78 0.88 0.92 0.97
LS8Δ 0.71 0.84 0.84 0.96
LS16Δ 0.66 0.81 0.75 0.95

The a priori analysis is performed using the DNS dataset corresponding to a temporally evolving turbulent
non-premixed jet flame which exhibits the approach towards extinction followed by re-ignition. The non-premixed flame
is considered at atmospheric pressure with a counter-flowing inner fuel jet and outer oxidizer stream at 𝑅𝑒 𝑗𝑒𝑡 = 2315
and 𝐷𝑎 = 0.01. The scale-decomposition strategy employed by the TLS model showed that the large- and small-scale
variations of the flow are appropriately represented in the physical space. The results also showed that the modeling
assumptions employed by the TLS model to approximate the 3D SS equations on the 1D orthogonal lines are reasonable.
Future studies will focus on performing a posteriori assessment of the TLS model for the flames considered in this study.
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